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g–h–g-pseudomonotonicityAbstract In the present work, we introduce and study an extended vector variational-like inequal-
ity in Banach spaces. Some existence results for extended vector variational-like inequality are
obtained by using g–h–g-quasimonotone of Stampacchia and Minty types mappings.
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In 1980, Giannessi [1] introduced vector variational inequality
in a ﬁnite dimensional Euclidean space. The vector variational
inequality is a generalized form of a variational inequality,
having applications in different areas of operations research,
economics equilibrium, optimal control, free boundary value
problems and optimization. In 2007, Zhao and Xia [2] ob-
tained some existence results for vector variational-like
inequality by using the deﬁnition of properly g-quasimonotone
of Stampacchia and Minty types. In 2010, Irfan and Ahmad [3]
introduced and studied generalized multivalued vector varia-
tional-like inequality by using the concept of escapingsequences. For details, we can refer to [4–8] and reference
therein.
In this paper, we introduce and study an extended vector
variational-like inequality in Banach spaces. Some existence
results for extended vector variational-like inequality are ob-
tained by using g–h–g-quasimonotone of Stampacchia and
Minty types mappings.
Let X and Y be two real Banach spaces, K  X be a non-
empty, closed and convex subset, C  Y be a pointed, closed
and convex cone in Y such that intC – / where intC denote
the interior of C and let LðX;YÞ be the space of all continuous
linear mappings from X to Y. For any l 2 LðX;YÞ; x 2 X, let
hl; xi denote the value of l at x. Let S;T : K! LðX;YÞ,
g : K! K, g : K K! X and h : K K! Y are mappings.
We consider the following extended vector variational-like
iequalities:
ðEVVLI-IÞ
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ðEVVLI-IIÞ






(i) If S  0, and g ¼ I then (EVVLI-I) and (EVVLI-II)
reduces to the following vector variational-like
inequalities considered and studied by Ahmad [9]
ðVVLI-IÞ Find x 2 K such that;hTðxÞ; gðy; xÞi þ hðy; xÞPC 0; 8y 2 K;

and
ðVVLI-IIÞ Find x 2 K such that;hTðyÞ; gðx; yÞi þ hðx; yÞ 6C 0; 8y 2 K:

(ii) If S; h  0 and g ¼ I then (EVVLI-I) and (EVVLI-II)
reduces to the following vector variational-like
inequalities considered and studied by Zhao and
Xia [2]
ðVVLI-IÞ Find x 2 K such that;hTðxÞ; gðy; xÞiPC 0; 8y 2 K;

and
ðVVLI-IIÞ Find x 2 K such that;hTðyÞ; gðx; yÞi 6C 0; 8y 2 K:

The following concepts and results are needed for the
results.
Deﬁnition 1.1. A mapping f : K! Y is said to be hemicon-
tinuous if, for any ﬁxed x; y 2 K, the mapping
t# fðxþ tðy xÞÞ is continuous at 0þ.
Deﬁnition 1.2. Let C : K! 2Y be a set-valued mapping,
h : K K! Y and g : K K! X are the single-valued map-
pings. Then
(i) hð; vÞ is said to be C-convex in the ﬁrst argument if
hðtu1 þ ð1 tÞu2; vÞ 2 thðu1; vÞ þ ð1 tÞhðu2; vÞ  C;
8u1; u2 2 K; t 2 ½0; 1:
(ii) If K is an afﬁne set, the gðx; yÞ is said to be afﬁne with
respect to u if for any given v 2 K
gðtu1 þ ð1 tÞu2; vÞ ¼ tgðu1; vÞ þ ð1 tÞgðu2; vÞ  C;
8u1; u2 2 K; t 2 R
with u ¼ tu1 þ ð1 tÞu2 2 K.Deﬁnition 1.3. Let S;T : K! LðX;YÞ, g : K K! X,
h : K K! Y and g : K! K be mappings. Then S and T
are said to be g–h–g-pseudomonotone if for any x; y 2 K,
hSðxÞ þ TðxÞ; gðgðyÞ; gðxÞÞi þ hðgðyÞ; gðxÞÞPC 0;
) hSðyÞ þ TðyÞ; gðgðxÞ; gðyÞÞi þ hðgðxÞ; gðyÞÞ 6C 0:Example 1.1. Let X ¼ R;K ¼ Rþ;Y ¼ R2;C ¼ R2þ and
SðxÞ ¼ 3þ sin x
3þ cos x
 








Then 8x; y 2 K
hSðxÞ þ TðxÞ; gðgðyÞ; gðxÞÞi þ hðgðyÞ; gðxÞÞ
¼ 5þ 2 sin x
5þ 2 cos x
 
ð3y 4xÞ þ 12y 16x
12y2  4xy 16x2
 





¼ ð3y 4xÞ 9þ 2 sin x
5þ 2 cos xþ 4yþ 4x
 
PC 0;
implies that 3y > 4x. So it follows that
hSðyÞ þ TðyÞ; gðgðxÞ; gðyÞÞi þ hðgðxÞ; gðyÞÞ
¼ 5þ 2 sin x
5þ 2 cos x
 
ð3x 4yÞ þ 12x 16y
12x2  4xy 16y2
 
¼ ð3x 4yÞ 9þ 2 sin y
5þ 2 cos yþ 4xþ 4y
 
6C 0:
) S and T are g–h–g-pseudomonotone.
Deﬁnition 1.4 [10] . A multi-valued operator S : X! 2X is
called quasimonotone if for all x; y 2 X the following implica-
tions hold:
9x 2 SðxÞ : hx; y xi > 0) 9y 2 SðyÞ : hy; y xiP 0:
Deﬁnition 1.5 [10] . A multi-valued operator S : X! 2X is
called properly quasimonotone if for every x1; x2; . . . ; xn 2 X
and every y 2 Convfx1; x2; . . . ; xng there exist i such that
8xi 2 SðxiÞ : hxi ; y xii 6 0:
Deﬁnition 1.6. A mapping T : K! LðX;YÞ is said to be prop-
erly quasimonotone of Stampacchia type if for all n 2 N for all
vectors v1; v2; . . . ; vn 2 K and scalars ki P 0; i ¼ 1; 2; . . . ; n withPn
i¼1 ki ¼ 1 and u :¼
Pn
i¼1 kivi; hTu; vi  uiPC 0 holds for
some i. T is said to be properly quasimonotone of Minty type
if for all vectors v1; v2; . . . ; vn 2 K and scalars ki P 0,
i ¼ 1; 2; . . . ; n with Pni¼1 ki ¼ 1 and
u :¼Pni¼1 kivi; hTvi; vi  uiPC 0 holds for some i.
Deﬁnition 1.7. A mapping T : K! LðX;YÞ, g : K K! K
and g : K! K be three mappings. T is said to be properly
g–g-quasimonotone of Stampacchia type if for all n 2 N, for
all vectors v1; v2; . . . ; vn 2 K and scalars ki P 0; i ¼ 1; 2; . . . ; n
with
Pn
i¼1 ki ¼ 1 and u :¼
Pn
i¼1 kivi; hTu; gðgðviÞ; gðuÞÞiPC 0
holds for some i. T is said to be properly g–g-quasimonotone
of Minty type if for all vectors v1; v2; . . . ; vn 2 K and scalars
ki P 0; i ¼ 1; 2; . . . ; n with
Pn
i¼1 ki ¼ 1 and
u :¼Pni¼1 kivi; hTvi; gðgðviÞ; gðuÞÞiPC 0 holds for some i.
Deﬁnition 1.8. A mapping T : K! LðX;YÞ, g : K K! X,
h : K K! Y and g : K! K be mappings. T is said to be
properly g–h–g-quasimonotone of Stampacchia type if for all
n 2 N, for all vectors v1; v2; . . . ; vn 2 K and scalars ki P 0;
146 S.S. Irfan, R. Ahmadi ¼ 1; 2; . . . ; n with Pni¼1 ki¼1 and u :¼Pni¼1 kivi;hTu;gðgðviÞ;
gðuÞÞiþhðgðviÞ;gðuÞÞPC 0 holds for some i. T is said to be
properly g–h–g-quasimonotone of Minty type if for all vectors
v1;v2;...;vn2K and scalars kiP0;i¼1;2;...;n with
Pn
i¼1 ki¼1
and u :¼ Pni¼1 kivi;hTvi;gðgðuÞ;gðviÞÞiþhðgðuÞ;gðviÞÞ6C 0 holds
for some i.









, gðxÞ¼ 3x;gðy;xÞ¼ 2y




We claim that S and T are properly g–h–g-quasimono-
tone of Stampacchia type. Suppose to the contrary that
there exists xi 2 K; ti P 0; i ¼ 1; 2; . . . ; n with
Pn
i¼1 ti ¼ 1
such that
hSðxÞ þ TðxÞ; gðgðxiÞ; gðxÞÞi þ hðgðxiÞ; gðxÞÞjC 0;
i ¼ 1; 2; . . . ; n;
where xi ¼
Pn
i¼1 tixi, it follows that










2ð6xi  3xþ 9x2Þ








2ð6xi  3xþ 9x2Þ þ 3xi þ 3x
15x4ð6xi  3xþ 9x2Þ þ 9x2i þ 9x2
 !
jC 0;
i ¼ 1; . . . ; n;
which is a contradiction, since
15x2ð6xi  3xþ 9x2Þ þ 3xi þ 3xPC 0;
and
15x4ð6xi  3xþ 9x2Þ þ 9x2i þ 9x2 PC 0
for atleast one i. Thus S and T are properly g–h–g-quasimono-
tone of Stampacchia type.
Lemma 1.1. Let S;T : K! LðX;YÞ, g : K K! X,
h : K K! Y and g : K! K be mappings. If S and T are
g–h–g-pseudomonotone and properly g–h–g-quasimonotone of
Stampacchia type, then S and T are properly g–h–g-quasimono-
tone of Minty type.
Proof. The fact directly follows from Deﬁnitions 1.3 and
1.8. h
Deﬁnition 1.9. Let D be a nonempty subset of a topological
Hausdorff space E. A mapping G : D! 2E (the family of
nonempty subset of E) is said to be a KKM mapping if for
any ﬁnite set fx1; x2; . . . ; xng  D, Cofx1; x2; . . . ; xng
 Sni¼n GðxiÞ where Co denotes the convex hull operator.
Lemma 1.2 [11]. Let D be a nonempty subset of a topological
Hausdorff vector space E and G : D! 2E a KKM mapping.
If GðxÞ is closed for any x 2 D and compact for some x 2 D,
then
T
x2D GðxÞ – /.Lemma 1.3. Let Y be a topological vector space with a pointed,
closed and convex cone such that intC– /. Then for all
x; y; z 2 Y
(i) x y 2 C and x R intC ) y R intC;
(ii) x 2 intC and y R intC ) xþ y R C.2. Existence results
In this section, we establish some existence results for
(EVVLI-I) and (EVVLI-II) by using Lemma 1.2.
Lemma 2.1. Let S;T : K! LðX;YÞ, g : K K! X,
h : K K! Y and g : K! K are the mappings satisfying
the following conditions:
(a) S and T are g–h–g-pseudomonotone;
(b) for any ﬁxed y 2 X , the mapping y#hSðyÞ þ T ðyÞ;
gðgðxÞ; gðyÞÞi is hemicontinuous and hðgðxÞ; gðyÞÞ is
continuous with fztg ! x0 2 K; zt 2 K;
(c) hð; gðyÞÞ is C-convex in the ﬁrst variable and
hðgðxÞ; gðxÞÞ ¼ 0; 8x 2 K;
(d) gð; gðyÞÞ is afﬁne in the ﬁrst variable and
gðgðxÞ; gðxÞÞ ¼ 0; 8x 2 K.Then for any x0 2 K, the following statements are
equivalent
ðIÞ hSðx0ÞþTðx0Þ;gðgðxÞ;gðx0ÞÞiþhðgðxÞ;gðx0ÞÞPC 0; 8x2K;
ðIIÞ hSðxÞþTðxÞ;gðgðx0Þ;gðxÞÞiþhðgðx0Þ;gðxÞÞ6C 0; 8x2K:
Proof. As S and T are g–h–g-pseudomonotone, it follows that
ðaÞ ) ðbÞ. Suppose that ðbÞ holds for any x0 2 K
hSðxÞ þ TðxÞ; gðgðx0Þ; gðxÞÞi þ hðgðx0Þ; gðxÞÞ 6C 0; 8x 2 K:
ð2:1Þ
For arbitrary z 2 K, letting zt ¼ ð1 tÞx0 þ tz; t 2 ð0; 1Þ, we
have zt 2 K by convexity of K. Hence we have
hSðztÞ þ TðztÞ; gðgðx0Þ; gðztÞÞi þ hðgðx0Þ; gðztÞÞ 6C 0; 8x 2 K:
ð2:2Þ
Now we show that
hSðztÞ þ TðztÞ; gðgðzÞ; gðztÞÞi þ hðgðzÞ; gðztÞÞPC 0: ð2:3Þ
Suppose to the contrary that there exists some t 2 ð0; 1Þ such
that
hSðztÞ þ TðztÞ; gðgðzÞ; gðztÞÞi þ hðgðzÞ; gðztÞÞ “C 0: ð2:4Þ
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tfhSðztÞ þ TðztÞ; gðgðzÞ; gðztÞÞi þ hðgðzÞ; gðztÞÞg þ ð1 tÞ
 fhSðztÞ þ TðztÞ; gðgðx0Þ; gðztÞÞi þ hðgðx0Þ; gðztÞÞg
R C:
Which is a contradiction. Hence
hSðztÞ þ TðztÞ; gðgðzÞ; gðztÞÞi þ hðgðzÞ; gðztÞÞ =C 0:
Condition ðbÞ implies that
hSðx0ÞþTðx0Þ;gðgðxÞ;gðx0ÞÞiþ hðgðxÞ;gðx0ÞÞP qC0; 8x2K:
This complete the proof. h
Theorem 2.1. Let X and Y be two real Banach spaces and
K  X a nonempty, compact and convex set. Let
S;T : K! LðX;YÞ, g : K K! X; h : K K! Y and
g : K! K are the mappings satisfying the following conditions:
(a) for any ﬁxed y 2 X , the mapping x#hSðxÞ þ T ðxÞ;
gðgðyÞ; gðxÞÞi and hð; gðxÞÞ are continuous;
(b) S and T are properly g–h–g-quasimonotone of Stampac-
chia type;
(c) for all x 2 K; gðgðxÞ; gðxÞÞ ¼ 0 ¼ hðgðxÞ; gðxÞÞ.
Then there exists x 2 K such that
hSðxÞ þ TðxÞ; gðgðyÞ; gðxÞÞi þ hðgðyÞ; gðxÞÞP qC 0; 8y 2 K:
Proof. Deﬁne a multivalued mapping M1 : K! 2K by
M1ðzÞ¼fx2K : hSðxÞþTðxÞ;gðgðzÞ;gðxÞÞi
þhðgðzÞ;gðxÞÞPqC0g; 8z2K
then M1ðzÞ is nonempty for each z 2 K. We claim that M1 is a
KKM mapping. In fact if it is not the case then there exists
fx1; x2; . . . ; xng  K; x ¼
Pn
i¼1 tixi with ti > 0; i ¼ 1; 2; . . . ; n
and
Pn




hSðxÞþTðxÞ;gðgðxiÞ;gðxÞÞiþhðgðxiÞ;gðxÞÞjC 0; i¼1;2; . . . ;n:
This contradicts condition ðbÞ. Therefore M1 is a KKM
mapping; Now we prove that for any z 2 K;M1ðzÞ is
closed.
In veiw of ðaÞ, let there exists a net fxng M1ðzÞ such that
xn ! x 2 K. Because
hSðxÞ þ TðxÞ; gðgðzÞ; gðxnÞÞi þ hðgðzÞ; gðxnÞÞ =C 0; 8n;
we have
hSðxÞ þ TðxÞ; gðgðzÞ; gðxÞÞi þ hðgðzÞ; gðxÞÞ =C 0:
Hence x 2M1ðzÞ and so M1ðzÞ is closed. It follows from the
compactness of K and closedness of M1ðzÞ  K, that M1ðzÞ
is compact. Thus by Lemma 1.2, we have\
z2K
M1ðzÞ – /:Hence there exist x 2 K such that
hSðxÞ þ TðxÞ; gðgðyÞ; gðxÞÞi þ hðgðyÞ; gðxÞÞ =C 0; 8y 2 K:
This complete the proof. h
Theorem 2.2. Let K be a nonempty, bounded, closed and convex
subset a real reﬂexive Banach space X and Y a real Banach
space. Let S;T : K!LðX;YÞ;g : KK!X;h : KK!Y and
g : K!K are the mappings satisfying the following conditions:
(a) S and T are properly g–h–g-quasimonotone of Minty
type;
(b) 8x 2 K, gðgðxÞ; gðxÞÞ ¼ 0 ¼ hðgðxÞ; gðxÞÞ ¼ 0.Then there
exists x 2 K such that
hSðyÞþTðyÞ;gðgðxÞ;gðyÞÞiþhðgðxÞ;gðyÞÞ5C 0; 8y2K:Proof. Deﬁne a multivalued mapping M2 : K! 2K by
M2ðzÞ ¼fx 2 K : hSðzÞ þ TðzÞ; gðgðxÞ; gðzÞÞi
þ hðgðxÞ; gðzÞÞ 5C 0g; 8z 2 K
thenM2ðzÞ is nonempty for each z 2 K. Suppose thatM2 is not
a KKM mapping, then there exists fx1; x2; . . . ; xng  K,





hSðxiÞ þ TðxiÞ; gðgðxÞ; gðxiÞÞi þ hðgðxÞ; gðxiÞÞiC 0;
i ¼ 1; 2; . . . ; n:
This contradicts condition ðaÞ. Therefore M2 is a KKM map-
ping. In addition, it is easy to verify that M2ðzÞ is bounded,
closed and convex for all z 2 K. Since X is reﬂexive, M2ðzÞ is
weakly compact for all z 2 K. It follows from Lemma 1.2 that\
z2K
M2ðzÞ– /:
Hence there exists x 2 K such that
hSðyÞ þ TðyÞ; gðgðxÞ; gðyÞÞi þ hðgðxÞ; gðyÞÞ 5C 0; 8y 2 K:
This completes the proof. hAcknowledgments
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